We show that for an arbitrarily high number N , there is an algebraic K3 surface X which admits N mutually non-isomorphic Kummer surface structures. We apply our earlier results on Fourier-Mukai partners to answer definitively a question of T. Shioda 25 years ago.
§0. Introduction
We shall work in the category of smooth complex projective varieties. In his paper [Sh1] , T. Shioda posed the following interesting question: Question 1.1. ( [Sh1, Question 5] ) Does the Kummer variety Km A uniquely determine the abelian variety A up to isomorphism, i.e.
As it is shown by Shioda, the answer is affirmative in dimension ≥ 3, and it is also affirmative if dim Km A = 2 and ρ(Km A) = 20, i.e. ρ(A) = 4, the maximal possible case [Sh1] , [SM] . He then expected an affirmative answer to the Question in dimension two.
However, as it is expected from Shioda's Torelli Theorem [Sh2] for abelian surfaces, one has Km A ≃ KmÂ, whereÂ := Pic 0 A is the dual abelian surface, which is in general not isomorphic to A. This was proved in [GH, Theorem 1.5 and Remark in Sect.I] . See also [HS, Sect.III.3] and Remark in §1. Therefore, it is perhaps more interesting to consider the Question:
The aim of this short note is to address this Question as an application of our earier works [Og] , [HLOY2] on FM-partners.
Recall that an abelian (resp. K3) surface Y is called Fourier-Mukai(FM) partner [Mu1] of an abelian (resp. K3) surface V if the derived category D(Y ) of the bounded complexes of coherent sheaves on Y is equivalent to D(V ), the corresponding derived category of V . The set of FM-partners of an abelian or K3 surface V is characterized by:
Here Y represents an abelian (resp. K3) surface if V is an abelian (resp. K3) surface, and T (V ) denotes the transcendental lattice of V , i.e. T (V ) := N S(V ) ⊥ 1991 Mathematics Subject Classification. 14J28.
Typeset by A M S-T E X
in H 2 (V, Z). This is due to Mukai and Orlov and is also well summarized in [BM, Theorem 5.1 ]. See also [HLOY1] and references therein.
Our main result is as follows: 
3) For an aribitrarily given natural number N , there are N abelian surfaces
Assertion 1) makes an interesting connection between two important notions: Kummer surface structures and Fourier-Mukai partners. Assertion 2) is probably well-expected. However, assertion 3) shows that there is a K3 surface with arbitrarily high number of non-isomorphic Kummer surface structures. This seems quite surprising in light of Shioda's original observation. (See also Remark in §3.)
To be brief, we will use the same notations and notions introduced in [HLOY2, §0 - §3] without repetition here.
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We need to show that K(X) = F M (A).
Let B ∈ K(X). Then, by Km B ≃ Km A, one has a Hodge isometry:
Recall that the canonical rational map π A : A ---> Km A gives the Hodge isometry π A, * :
and likewise for B and Km B ([Ni1] see also [Mo, Lemma 3 .1]). Here, for a lattice L := (L, ( * , * * )) and for a non-zero integer m, we define the lattice L(m) by L(m) := (L, m( * , * * )). One has then a Hodge isometry
is Hodge isometric to (T (A), Cω A ). Therefore, for the same reason as above, we have a Hodge isometry (T (Km B),
Remark. A result of [GH] can also be deduced from our Main Theorem 1). Indeed, by Theorem 2.2 of [Mu1] , A and its dualÂ have equivalent bounded derived categories, i.e.Â ∈ F M (A). Therefore, Km A ≃ KmÂ by our Main Theorem 1). §2. Proof of the Main Theorem 2)
By the Main Theorem 1) we have K(X) = F M (A). Since |F M (A)| < ∞ by [BM, Proposition 5 .3], we have the first statement. We shall give a bit more effective estimate to show the second statement. This is based on the argument of [HLOY2, §3] and the following Theorem due to Shioda ([Sh2] , see also [Mo] for an excellent summary): 
(For this statement, we recall that U is the even unimodular hyperbolic lattice of rank 2 and the second cohomology lattice H 2 (Y, Z) of an abelian surface Y is always isometric to the lattice U ⊕3 . )
Let G = O Hodge (T (A), Cω A ) be the group of Hodge isometries of (T (A), Cω A ).
Claim: There is a surjection,
Proof. Let B ∈ F M (A) and choose a marking τ B : H 2 (B, Z) → U ⊕3 and a Hodge isometry γ :
This is a well-defined surjection. The proof is the same as the argument for Theorem 3.2 of [HLOY2] , except that Theorem 2.1 here plays the corresponding role of the Torelli Theorem for K3 surfaces there. (Note that ξ may fail to be injective because B andB need not be isomorphic in general.)
We now show the second part of Main Theorem 2). Recall Theorem 1.4 of [HLOY2] : We recall the following result of [Og, Proposition 2.9]:
Theorem 3.1. For any given natural number N , there is an even hyperbolic lattice S such that rank S = 2, det S = −pq and |G(S)| ≥ N . Here G(S) is the genus of S, and p and q are some distinct prime numbers (including 1).
Remark. Such phenomena seem quite rare and are perhaps impossible if rank S ≥ 3 (cf. [Cs, Chapters 9 and 10] and [CL, [8] [9] [10] ). In this sense, as it is pointed out to us by Professor B. Gross, this Theorem is a sort of miracle which happens probably only in rank two. For an effective upper bound of |G(S)|, see [HLOY2, Corollary 3.6] . Theorem 3.1 plays a crucial role in assertion 3), and involves a non-trivial use of the very deep arithmetical result of Iwaniec [Iw] .
Let S be the same in the Theorem (3.1) and take N non-isomorphic elements S 1 := S, S 2 , · · · , S N ∈ G(S) .
Then S i are even indefinite lattices of rank S i = 2 and satisfy (A Si , q Si ) ≃ (A S , q S ). In particular, A Si ≃ A S ≃ Z/pq. Here the last isomorphims is because pq is square free. Hence, one has rank U ⊕3 − rank S i = 4 ≥ 3 = 2 + 1 = 2 + l(A Si ) .
Therefore by [Ni2, Theorem 1.14.4] , there is a primitive embedding
and the signature of T i is (2, 2) for each i. Therefore T i ∈ G(T ).
On the other hand, since T is indefinite and rank T = 4 ≥ 2 + 1 = 2 + l(A S ) = 2 + l(A T ) ,
we have G(T ) = {T } again by [Ni2, Theorem 1.14.2] . Therefore there is an isometory σ i : T ∼ → T i for each i. We set σ 1 := id. Choose a minimal weight two Hodge structure (T, Cω) on T . Here the term minimal means that T satisfies the following property: if T ′ ⊂ T is a primitive sublattice of T such that Cω ∈ T ′ ⊗ C then T ′ = T . This is equivalent to that Re ω, Im ω ⊥ ∩ T = {0} in T ⊗ R. As it is easily shown, there certainly exists a minimal weight two Hodge structure on T . (See e.g. [Mo] or [Og (2.13 ) and (2.14)]). Note that the Hodge structure (T (V ), Cω V ) on T (V ) of an abelian surface V is minimal in this sense.
Set ω i := σ i (ω). Then (T i , Cω i ) is a minimal weight two Hodge structure on T i such that σ i : (T, Cω) ∼ →(T i , Cω i ). Then, by Theorem(2.1) 2), there is a marked abelian surface (A i , τ i ) such that
Then by the minimality of T Ai and T i , one has the Hodge isometry as well. This means A i ∈ F M (A), i.e. A i ∈ K(Km A) for all i by the Main Theorem 1). Therefore, these N abelian surfaces A i satisfy the requirement in our Main Theorem 3).
